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ABSTRACT 

The formulat ion of a Hartree-Fock approximation f o r  t h e  f i n a l  s t a t e s  

of a t r a n s i t i o n  involving the  e j e c t i o n  of an ou te r  o r  an i n n e r  s h e l l  e l ec -  

t r o n  from a l l  ground s ta te  configura’tions 1 s  2 2 q  2s 2p i s  presented  and 

the  c r o s s  s e c t i o n s  f o r  t h e  photo ioniza t ion  of atomic oxygen by r a d i a t i o n  

a t  wavelengths longer than 25 8 a r e  ca l cu la t ed .  
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THE PHOTOIONIZATION OF ATOMIC OXYGEN* 

A. Dalgarno, R . J . W .  Henry and 
A. L. Stewart 

1. Introduction 

The photoionization cross sections of atomic oxygen are basic 

atomic parameters of fundamental importance in the quantitative 

understanding of the ionosphere. An accurate calculation at the 

spectral head has been carried out hy Rstes 2nd S e a t m  (1949)  

but the only values at shorter wavelengths, where ejection of the 

inner shell electrons is energetically possible, are the approximate 

estimates of Dalgarno and Parkinson (1960) and of 3. Cooper (1963, 

unpublished). 

Accepted for publication in Planetary and Space Sciences. * 
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2.  The Hartree-Fock Equations 

We assume t h a t  t he  wave func t ions  of t h e  i n i t i a l  and f i n a l  s ta tes  

of t h e  t r a n s i t i o n  may be represented  by l i n e a r  combinations of S l a t e r  

de te rminants ,  t he  elements of which a r e  normalized o r b i t a l s .  The wave 

func t ions  are cha rac t e r i zed  by t h e  quantum numbers L and S of respec-  

t i v e l y  the  t o t a l  o r b i t a l  and t o t a l  s p i n  angular  momenta and the  t r a n s i -  

t i o n s  wi th  which w e  are concerned may be descr ibed  by 

2 2 q 2s+l 
Li 

1s 2 s  2p 2 2 q-1 2s+l  
Lf + I s  2s 2p El? 

f o r  t h e  e j e c t i o n  of an ou te r  s h e l l  e l e c t r o n  and by 

2 2 s+l 
Lf 2s+1L. -51s 2s2pq €1 

1 
1s 2s 2p 

f o r  t h e  e j e c t i o n  of an inne r  s h e l l  e l e c t r o n ,  E rydbergs being t h e  energy 

of t h e  e j e c t e d  e l e c t r o n .  

W e  assume t h a t  the  core  of t he  f i n a l  s t a t e  i s  unaf fec ted  by t h e  

continuum E R  e l e c t r o n .  Then t h e  Hartree-Fock equat ions  f o r  t he  r a d i a l  

wave func t ions  of t h e  core  e l e c t r o n s  may be cons t ruc t ed  fol lowing s tand-  

a rdp rocedures  ( c f .  S l a t e r  1960). For the  1s and 2s e l e c t r o n s  of t he  

conf igu ra t ion  ls22s22 pq-' , they are r e s p e c t i v e l y  

[S +[: z - Y 0 ( l S , l S )  - 2Y0(2S,2S) - (q-1)Y0(2p,2p) ] -xls , ls  ] p c q  r)  
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and 

where 

For t h e  2p e l e c t r o n  of t h e  conf igura t ion  (1s 2 2 ~ 2 p ~ ) ~ ~ l + l L ~ ,  t h e  r a d i a l  

equat ion  i s  

{ $ - 5 + 3 [z - 2Y0(lS,lS) - Y0(2S,2S) - (4-1) Y0(2p,2p) 
dr r 

where a and b are c o e f f i c i e n t s  g iven  i n  Table 1. 

W e  f o r m  t h e  f i n e l  s t i t e  hy adding an e l e c t r o n  t o  t h e  unperturbed 

c o r e ,  any of f -d iagonal  i n t e r a c t i o n s  between c o r e  pa ren t  s t a t e s  being 

ignored.  For e j e c t i o n  of t he  outer  s h e l l  e l e c t r o n )  t h e  allowed va lues  

3 



Table 1 

Values of the coefficients a and b of Equation (6). 

- 

a b 2s+1 2s1+ 
q Li L1 

0 . 6  IS 2S 0 0 

1.5 2P 3P 0 -1 

lP 0 3 

2 . 4  3P 4P -3 -2 

2P -3 4 

3 4s 5s -9 -3 

3s -9 5 
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of .8 a r e  0 and 2 and the  r a d i a l  equat ions  f o r  P ( ~ s 1 r )  and P ( E d ( r )  a r e  

r e s p e c t i v e l y  

($5 + = ; [  z - 2Y0(lS,lS) - 2Y0(2S,2S) 

and 

{ $ - z  6 + 2 r [z - 2Y0(lSYlS)  - 2Y0(2S,2S) 
r 

= o  

where b ' ,  a", b" and' c" a r e  c o e f f i c i e n t s  g iven  i n  Table 2. 

For e j e c t i o n  of t he  inner  s h e l l  2s e l e c t r o n ,  t he  allowed va lue  of 1 

i s  1 and the  r a d i a l  equat ion  for  P(Epl r )  f o r  t h e  conf igu ra t ion  

5 



Table 2 

Values of t h e  c o e f f i c i e n t s  b '  of Equation (7), and a", b'l, c" of Equation (8). 

For k? = 0, a'' = b" = c" = 0 and f o r  = 2 ;  b '  = 0. 

a - 0  

2 s+l 2s +1 2s+1 b '  4 Li L1 L f 

5 

6 

2P 

3P 

4s 

P 3 

2P 

l S  

l S  

2P 

3P 
4 
S 

2D 

2P 

3P 

l D  

l S  

2P 

0 

- 3  

- 6  

15 

- 3  

- 3  

12 

0 

0 

9 

a = 2  

4 
2S+1 

Li 
2Sl+l 

L1 
2 s+1 

Lf b C " 

2P 

3P 

4s 

l S  

2P 

3P 

2D 

3P 

4P 

3D 

0 0 0 

-21 24 - -21 

21 0 -105 

-2 1 36 - 84 
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Table 2 (continued) 

2%: 2s +1 2 s+1 
4 Li L1 Lf 

~~ 

a'' b " C " 

4 3P 4s 3D 

2D 3D 

3P 

3s 

3P 

5 ?P -P -D 

2P 

2P 3D 

-4 7 

0 

0 

0 

0 

0 

0 

-21 

21 

30 

3 

27 

42 

9 

- 3  

69 

33 

105 

- 57 

- 63 
- 63 

- 21 

- 63 

84 

- 42 
2D 9 9 - 36 1 

D 

2P -2 1 33 - 42 
2S -4 2 48 - 42 

IS 2D 0 0 0 

6 IS 2P IP -21 114 - 21 
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2 q 2s+1 2Sl+lL 2S+lL is 1s 2p ( Li) EP f , 2 s  f 

(G - f + $ - 2Y0(lS,lS) - Y0(2s,2s) 
d r  r 

where a ,  p, y and 6 are c o e f f i c i e n t s  given i n  Table 3.  

I n  de r iv ing  the  r a d i a l  equat ions i t  has  been assumed t h a t  t h e  

o r b i t a l s  a r e  mutual ly  orthogonal.  This  involves  no l o s s  of g e n e r a l i t y  

f o r  P ( ~ s 1 r )  and P(Edlr)  bu t  i t  may be an added r e s t r i c t i o n  i n  t h e  de- 

te rmina t ion  of P ( ~ p l r ) .  

by the  continuum e l e c t r o n ,  t he  assumption does no t  lead  t o  any cont ra -  

However, because t h e  co re  i s  not  per turbed  

d i c t i o n  d e s p i t e  t he  f a c t  t h a t  the f i n a l  conf igu ra t ion  involves  two 

open s h e l l s  of t h e  same symmetry. 

The or thogonal i ty  requirement s u f f i c e s  t o  determine t h e  o f f -d i a -  

and h Thus from 
l S , E S ,  X2S,ES 2PYEP. 

gonal  Lagrange m u l t i p l i e r s  h 

(3) and (7) 

- - -- - b '  (2pl 2 Y l ( l s , 2 p )  I € S )  

l S , E S  18 r h 

8 



. 

Table 3 

Values of the c o e f f i c i e n t s  0, 8,  y and 6 of Equation ( 9 ) .  

4 
2s+1 2s  +1 2s+1 

Li Lf Lf 
Q B Y 6 

3 

4 

2 3P 

4s 

3P 

0 lS 2P l P  

3D 2D 

3P 2P 

1 2P 3s 2S 

lD 2D 
1 3 

4D 3D 

AP 'P 

4P 3P 

4s 3s 

2D 3D 

2P 3P 

3s 3 s  

5P 4P 

3P 4P 

4D 3D 

4P 3D 

4s 3s 

2P 3P 

2D 3D 

2S 3s 

3D 2D 

0 18 0 

1 1 2  -5 

- 5  12 7 

10 1 2  -5 

1 0 7 

- 5  0 . -5 

- 1  10 -4 

5 10 -4 

-10 10 14 

- 1  2 5 

5 2 5 

-10 2 -4 

0 9 -3 

0 3 5 

1 10 -2 

- 5  10 -2 

10 10 -2 

1 2 -2 

- 5  2 1 6  

10 2 -2 

- 1  12 -1 

0 

4 

-20 

-50 

16  

40 

- 4  

-40 

-40 

32 

50 

50 

-3 0 

50 

-20 

- 20 

- 20 

61 

25 

-20 

-10 
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Table 3 (continued) 

a B Y 6 2s+1 2s +1 2s+1 
4 Li Lf Lf 

5 2P 3P 2P 5 12 - 1  -10 

3s 2s -10 12 - 1  -10 

IP 2P 5 0 - 1  -10 

lS 2S -10 0 35 -10 

2D - 1  0 - 1  62 

6 2P lP 0 18 0 0 
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f r o m  ( 4 )  and (7) 

b'  2 1  
= - - (2p1, Y (2s ,2p)  I € S )  

2 s  , € S  18 A 

and from (6) and (9) 

1 
A 

-t 36 

9 - 7 - 6  

10q2- 12q(q- 1)-6qW12a-6q 
150q + 

11 



3. The Photoionization Cross Sections 

The cross sections for the photoionization of an atomic system with 

an ionizacion potential of I rydbergs by radiation of wavelength h 8 is 
given by (cf. Bates 1946), 

2 (I + E) S cm 8.56 10-l~ 
cu a =  x i 

where 

911.754 , I + € =  

w2 is the statistical'weight of the initial state and S is the absolute 

multiplet strength. If the initial state is labelled by a superscript 

i and the final state by a superscript f and the continuum wave function 

P(dflr) is normalized to an am litude (lkz) 
1 

1 -2 
, then 

s =  n 
passive 0 

electrons 

where ,'( 4 , I ' )  (is the relative multiplet strength and 

where l,is the greater of ai and 4. Expression (16) arises in the dipole 
- r  

length formulation. In the dipole velocity formulation, the matrix element 

03 
f I [ Pi (n4+llr) P (~llr) r dr I 

J O  

12 



i s  rep laced  by 

and 

P i ( n a - l l r )  P f ( d l r )  r d r l  

t h e  primes denot ing d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  r .  

I 
The re la t ive  m u l t i p l e t  s t r e n g t h s  dc ) l j  may be obta ined  by a s t r a i g h t -  

forward a p p l i c a t i o n  of Racah a lgebra  ( c f .  Rohrl ich 1959).  They a r e  g iven  

i n  Table 4 f o r  t r a n s i t i o n s  involving t h e  e j e c t i o n  of an ou te r  s h e l l  elec- 

t ron .  The r e l a t i v e  m u l t i p l e t  s t r e n g t h s  corresponding t o  the  e j e c t i o n  

of an inne r  s h e l l  e l e c t r o n  a re  a l l  u n i t y .  

13 



Table 4 
* 

Relative multiplet strengths 

2s+1 
Li 

2s +1 
L1 a 

1 2P 

2P 

2 3P 

3P 

3 4s 

4s  

4 3P 

3P 

3P 

5 

3P 

2P 

2P 

0 

2 

0 

2 

0 

2 

0 

0 

0 

2 

2 

2 

6 

60 

18 

135 

45 

12 

120 

12 

15 

9 

120 

10512 

13512 

30 

13512 

45 12 

18 

10 

2 

14 



Table 4 (continued) 

2s+1 
q Li 

2Sl+l  
L1 a 2s+1 

Lf 

6 

2P 

lS 

lS 

3P 

S i 

2P 

2P 

2 

2 

0 

2 

135 

45 

35 

45 

20 

20 

6 

60 

15 



4.  Numerical Procedures 

The co re  i n t e g r a l s  i n  (7), (8) and (9)  w e r e  eva lua ted  a n a l y t i c a l l y  

+ 2 2 3 4  us ing  t h e  r e p r e s e n t a t i o n s  of t h e  core  o r b i t a l s  of 0 (Is 2s 2p ) S ,  

2P, 2D and O + ( l s  2s2p ) 

and t h e  remaining i n t e g r a l s  were evaluated numerical ly .  An i t e r a t i v e  pro- 

cedure was used t o  so lve  t h e  equat ions ,  t he  f i r s t  s o l u t i o n  being obta ined  

by ignor ing  the  exchange i n t e g r a l s .  The i t e r a t i o n s  were cont inued u n t i l  

each of t h e  d i p o l e  length  and the  d ipole  v e l o c i t y  ma t r ix  elements had 

converged t o  t h r e e  s i g n i f i c a n t  f i g u r e s .  I n  gene ra l ,  t he  d i p o l e  v e l o c i t y  

mat r ix  element converged much more r a p i d l y  than  t h e  d i p o l e  l eng th  matrix 

element .  

2 4 4  
P, 2P obtained by Roothaan and Kel ly  (1963),  

The method adopted by Bates and Seaton (1949) of vary ing  t h e  o f f -  

d iagonal  Lagrange parameters  u n t i l  o r thogona l i ty  i s  obta ined  i s  no t  con- 

v e n i e n t  f o r  automatic  computation and w e  computed then  d i r e c t l y  a t  each 

s t a g e  of t h e  i t e r a t i o n ,  a technique which has  t h e  f u r t h e r  advantage t h a t  

i t  provides  a powerful computational check. Thus when t h e  i t e r a t i o n  pro- 

cedure has  converged, t h e  over lap  i n t e g r a l s  of P(ES Ir) wi th  P(2s Ir) and 

P ( 1 s l r )  and of P(Eplr)  w i t h  P (2p l r )  should have vanished.  

Some d i f f i c u l t y  was encountered i n  the  de te rmina t ion  of P(EP Ir) because 

of t h e  slow convergence of t h e  s t r a igh t fo rward  i t e r a t i v e  procedure.  The 

d i f f i c u l t y  w a s  reso lved  by adopt ing f o r  t h e  next  s t a g e  of t h e  i t e r a t i o n  

t h e  a r i t h m e t i c  average of t h e  two previous s o l u t i o n s .  

16 



5. Resu l t s  and Discussion 

The c r o s s  s e c t i o n s  f o r  t he  ind iv idua l  t r a n s i t i o n s  

2 4 3  + 2 2  O ( 1 s 2  2s  2p ) P + hv + O  (1s 2s  2p3) 4S, 2D, 2P + e- 

and 

2 2  + 2  4 4  O ( l s  2s  2p4) 3P + hv + O  (1s 2s  2p ) P, 2P + e- 
(22) 

a r e  impor tan t  i n  p r e d i c t i n g  t h e  e l e c t r o n  temperature  i n  the  ionosphere 

(Dalgarnn, McElroy and Moffe t t  1963) and i n  p r e d i c t i n g  t h e  i n t e n s i t i e s  

of i o n i c  emission l i n e s  a r i s i n g  from f luorescence  (Dalgarno and McElroy 

1963).  The r e s u l t s  corresponding t o  both t h e  d i p o l e  l eng th  (curve A) and 

d i p o l e  v e l o c i t y  (curve B) formulat ions are shown i n  F igures  1 t o  5 and 

t h e  c r o s s  s e c t i o n s  f o r  t h e  sum of processes  (21) and (22) are shown i n  

F igu res  6 and 7. 

A t  t he  s p e c t r a l  head a t  910 8, w e  o b t a i n  c r o s s  s e c t i o n s  of respec-  

2 t i v e l y  2.7 x cm2 and 3 .4  x c m  i n  t h e  l eng th  and v e l o c i t y  

formula t ions ,  each of which i s  about 25% l a r g e r  than  t h a t  computed by 

Bates and Seaton (1949). The d iscrepancies  probably a r i s e  from t h e  d i f -  

f e r e n t  forms employed f o r  t he  d i s c r e t e  o r b i t a l s .  

It i s  no t  p o s s i b l e  t o  dec ide  which of t h e  l eng th  and v e l o c i t y  c r o s s  

s e c t i o n s  i s  t h e  more accura te .  For t h e  pho to ion iza t ion  of neon, a com- 

p a r i s o n  of t h e  t h e o r e t i c a l  (Seaton 1954) and measured va lues  (Ditchburn 

1960) shows t h a t  t he  v e l o c i t y  values  a r e  more accu ra t e  a t  t h e  s p e c t r a l  

head and a t  s h o r t  wavelengths and the l eng th  v a l u e s  a r e  more a c c u r a t e  

1 7  
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a t  i n t e rmed ia t e  wavelengths,  b u t  there  seems l i t t l e  reason  t o  expect  

a s i m i l a r  behaviour f o r  oxygen. Because the  v e l o c i t y  formula t ion  

should be t h e  more accu ra t e  a t  s h o r t  wavelengths (Dalgarno and L e w i s  

1956) and because w e  found t h a t  i t  converged much more r a p i d l y  i n  the  

i t e r a t i v e  process ,  w e  r ega rd  the  v e l o c i t y  c r o s s  s e c t i o n s  a s  t h e  more 

r e l i a b l e .  Except a t  s h o r t  wavelengths, t he  d i f f e r e n c e s  between t h e  

l eng th  and v e l o c i t y  c r o s s  s e c t i o n s  a r e  never g r e a t e r  than  25% and t h i s  

percentage  may be accepted a s  a measure of t h e  accuracy of t h e  d ipo le  

v e l o c i t y  r e s u l t s .  

W e  inc lude  a t a b l e  of c r o s s  sec t ions  appropr i a t e  t o  t h e  most important  

of t h e  s o l a r  l i n e s  observed by H a l l ,  Damon and Hinteregger  (1963). (Table 5 )  

Recent d i scuss ions  of t h e  formation of t h e  ionosphere have been based 

upon t h e  c r o s s  s e c t i o n s  g iven  by Dalgarno and Parkinson (1960) whose v a l u e s  

a r e  g e n e r a l l y  about 40% l a r g e r  than those  i n  t h e  t a b l e .  
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Table 5 

Cross sections appropriate to some important solar lines 

x a A a 

283 

303.8 

335 

368.1 

465.2 

500 

520 

554 

5.72(-18)* 

6.34(-18) 

7.18 (-18) 

8.11(- 18) 

9.64(- 18) 

9 e87 (-18) 

9 -98 (- 18) 

1.01 (-17) 

584.3 

610 

625 

629.7 

770.4 

789 

834 

875 

1.01 (-17) 

9.96(-18) 

9.60(-18) 

9.45(-18) 

3.30(- 18) 

3.22(- 18) 

3.09 (- 18) 

3.19(-18) 

18 2 * 5.72 x 10- cm 
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Legends 

F igu re  1. The absorp t ion  c r o s s  s e c t i o n s  a s  a func t ion  of wavelength f o r  

t h e  t r a n s i t i o n  O (  P) + hv + O  ( S)  + e-. 

Curves A and B r e f e r  t o  the  d i p o l e  length  and v e l o c i t y  t r a n s i -  

t i o n  ma t r ix  elements r e s p e c t i v e l y .  

The absorp t ion  c r o s s  s e c t i o n s  as a func t ion  of wavelength f o r  

t h e  t r a n s i t i o n  O( P) + hv + 0 ( D) + e-. 

Curves A and B a s  i n  Figure 1. 

The absorp t ion  c r o s s  s e c t i o n s  as a func t ion  of wavelength f o r  

t h e  t r a n s i t i o n  O( P) + hv + O  ( P) + e-. 

Curves A and B as i n  Figure 1. 

The absorp t ion  c r o s s  s e c t i o n  as a func t ion  of wavelength f o r  

t h e  t r a n s i t i o n  O( P) + hv + O  ( P) + e-. 

Curves A and B as i n  Figure 1. 

The absorp t ion  c r o s s  s e c t i o n  as a func t ion  of wavelength f o r  

t h e  t r a n s i t i o n  O( P) + hv + 0 ( P) + e-. 

Curves A and B a s  i n  Figure 1. 

The absorp t ion  c r o s s  s e c t i o n s  f o r  t h e  sum of processes  (21) 

and (22) as a func t ion  of wavelength h 1000 - h 500 2. 
Curves A and B a s  i n  Figure 1. 

3 + 4  

Figure  2. 

3 + 2  

Figure  3 .  

3 + 2  

Figure  4 .  

3 + 4  

Figure  5 .  

3 + 2  

F igure  6 .  

F igure  7.  The absorp t ion  c r o s s  s e c t i o n s  f o r  t h e  sum of  p rocesses  (21) 

and (22) as a func t ion  of wavelength X 500 - h 0 8. 
Curves A and B as i n  Figure 1. 
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